ABSTRACT: A simple model for thermodynamic properties of water from subzero temperatures up to 373 K was derived at ambient pressure. The heat capacity of supercooled water was assessed as lambda transition. The obtained properties for supercooled water such as heat capacity, vapor pressure, density and thermal expansion are in excellent agreement with literature data. Activity of water on ice curve, independent of used electrolyte and Debye−Huckel constant applied in modeling, is also calculated. Thus, the ice curve activity of supercooled water can be used as a universal basis for thermodynamic modeling of aqueous solutions, precipitating hydrated and anhydrous solids. A simple model for heat capacity, density and thermal expansion of ice are also derived from 170 K up to melting point.
■ INTRODUCTION
The peculiar thermodynamic properties of supercooled water and its practical importance for modeling aqueous solution at subzero temperatures (e.g., ref 1 ) have been gaining more and more attention. The thermodynamic properties of liquid water are well-known over 273.15 K at standard pressure but are still ambiguous below 273.15 K mainly due to anomalies in its thermophysical properties caused by hydrogen bonds. 2−6 The thermodynamic properties of supercooled liquid water in equilibrium with ice Ih, that is, the ice curve, are generally obtained by the assessment of experimental ice curve data for one or more electrolytes. However, the activity of water on the ice curve is independent of the studied electrolyte system and it depends only on the thermodynamic properties of ice and pure metastable supercooled water. 7, 8 Similar results are obtained also for homogeneous 8 and heterogeneous ice nucleation. 9 Freezing point depression is used among other Gibbs energy related experimental data when fitting activity coefficient parameters. Usually in evaluation of the activity of water at subzero temperatures, the heat capacity difference between supercooled liquid water and solid ice (ΔC p ) is assumed either insignificant, that is zero, or independent of temperature. However, the heat capacity of supercooled water starts to increase rapidly below −10°C while the heat capacity of ice decreases steadily, so the assumption of constant heat capacity difference below −10°C is not usable in accurate thermodynamic modeling. Moreover, the calculated activity of water in subzero aqueous solutions will also depend on the equation used for the Debye−Huckel constant. Both items reflect also to the estimated vapor pressure of water solution at subzero temperatures, which is important in meteorological and climate models.
The purpose of this study is to generate a practical thermodynamic expression for the supercooled liquid water for modeling purposes of aqueous electrolyte systems in 1 atm total pressure. The aim is to simplify the universal approach in the T-P domain (e.g., ref 10) for tools and thermodynamic descriptions available in most software used in various engineering approaches of thermodynamic modeling and aqueous simulation.
■ THEORY
In aqueous solution the chemical potential of the solvent, that is water, is defined as 
where the standard state for a solution is pure liquid water at temperature and pressure of the solution and a w is the activity of liquid water. Superscript s indicates a solution, R is the gas constant, and T is temperature in Kelvin. The chemical potential of pure liquid water at any temperature and pressure is
where the standard state of pure liquid is a pure liquid at standard pressure, p°. The star refers to pure liquid and a w is the activity of pure liquid water. Standard pressure used in this article is 101.325 kPa. As far as condensed phases are considered the thermodynamic properties are practically equal at 101.325 kPa (1 atm) and 100 kPa (1 bar) pressure.
Activity is always related to chosen standard state so we obtain for activity of pure liquid water:
where v w is the molar volume of liquid water. So, for the chemical potential of liquid water in solution we obtain 
Similarly for the chemical potential of ice:
Equilibrium between Liquid Water in a Solution and Ice. When supercooled liquid water is in equilibrium with pure solid ice the chemical potentials of water are equal: 
Thus, solving activity for supercooled water in a solution in equilibrium with ice, yields
where
At standard pressure p°the integral term is zero so
Thus the activity of supercooled water in equilibrium with ice at standard pressure can be calculated if the Gibbs energy change or the equilibrium constant for reaction H 2 O(ice) = H 2 O(l) is known. Moreover, it is independent of the electrolytes in the solution. The Gibbs energy change can be calculated from ΔH fus°a nd ΔC p°w here ΔH fus°i s enthalpy of fusion and ΔC p°i s the heat capacity change between liquid water and solid ice ΔC p°= C p,w°− C p,ice°.
where (12) and
o fus fus fus (13) Below 273.15 K at ambient pressure, the heat capacity of ice is well-known but the heat capacity of supercooled water is more problematic, due to the metastability of liquid water. The heat capacity of supercooled water is showing λ-transition-like behavior so we have applied the approach used in a higher temperature system, that is, equation developed by Hillert and Jarl 
where τ = 1 − T/T c and T c is the critical temperature and K A is a parameter specific to the system. Pressure Ratio between Pure Supercooled Liquid Water and Ice. The chemical potential of pure water vapor is
where the standard state for vapor is ideal gas, p is vapor pressure and ϕ refers to fugacity coefficient, which can be evaluated in ambient pressure with the second virial coefficient B:
In equilibrium between ice and vapor the chemical potentials are equal and we obtain from eqs 5, 15, and 16: 
Combining eqs 17 and 18 yields Up to moderate pressure, molar volumes of condensed phases are insensitive to pressure so Defining Δp = (p w − p ice ) yields
w ice (21) and furthermore
Solving p w /p ice ratio yields
Assuming all Q i 's equal 1 yields for the pressure of liquid water:
Thus, the vapor pressure of pure supercooled water can be estimated from vapor pressure of pure ice, if the value of equilibrium constant is known as a function of temperature.
■ COMPUTATIONAL METHODS AND RESULTS
Heat Capacity of Liquid Water. The heat capacity of liquid water in the temperature range −35 to +100°C was modeled from experimental data using three temperature ranges. Heat capacity for supercooled water was modeled using the equation of λ transition by Hillert and Jarl. 11 During the assessment, it was found that the following equations will describe the heat capacity of liquid water when a baseline, A 1 + B 1 T, to lambda transition is added. 
Moreover, it was found that the heat capacity data of Archer and Carter 12 was not at lower temperatures in agreement with the 26 is also shown in the graph.
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Article other literature data so it was not included in the assessment. A similar conclusion was made by Holten et al. 13 in 2014. The value of critical temperature, T c , in the literature varies from 227 K to 228 K. 13−15 The value of 228 K is chosen to retain consistency with the HKF model. 16 The experimental data used are shown in Table 1 and the obtained parameters are in Table 2 . The C p data by Anisimov et al. 17 were not used in the assessment because of their narrow temperature interval below 273.15 K. Also, the early data of Rasmussen and MacKenzie, 18 Angell and Tucker, 19 Angell et al., 20 and Oguni and Angell 21 were not used. The quality of the assessments for each experimental data set is estimated by standard deviations (SD), which describes the absolute deviation, also known as root-mean-square-error (RMSE), defined as Journal of Chemical & Engineering Data
where i goes over all included experimental points (N), and C i and E i are the calculated and experimental values, respectively. Mean absolute percentage error (MAPE), also known as absolute average relative deviation (AARD %), is used to describe the relative deviation: The RMSE and AARD% values of different authors used in the assessment are listed in Table 3 .
A comparison with the fitted and literature values at subzero temperatures is shown in Figure 1 .
Heat Capacity of Ice. The heat capacity of solid ice in the temperature range 170−273.15 K was fitted using the relationship a + b·(T/K) from the experimental data listed in Table 4 .
The obtained equation for heat capacity of ice in the temperature range 170−270 K is (31) and it is compared with experimental data and the other available C p equations in Figure 2 .
Heat Capacity Change. The heat capacity change ΔC p°c an now be evaluated and assessed in the temperature range (237− 273.15) K as 
The fitted ΔC p°c ompared with the equation by Thurmond and Brass 7 is presented in Figure 3 . 34 were not included in the assessment.
Article Thus, the following equations will be obtained from eqs 11−13, and 32: 
A comparison between the equilibrium constant of this work (K) with the equilibrium constant obtained in a thermodynamic modeling of the Na−K−Ca−Mg−Cl−SO 4 −H 2 O system at temperatures below 25°C according to Spencer et al. 32 in 1990, is displayed in Table 5 .
As can be seen from Table 5 , the difference in equilibrium constant values is less than −0.0006.
Volumetric Properties. Liquid Water. The density for supercooled water was assessed from the recent data of Hare and Sorensen, 33 and Wagner and Pruss. 23 Instead of a sixth degree 15 with one additional parameter A was used so that density could be fitted in the entire temperature range −34 to +100°C. Thus, the equations for density ρ, molar volume ν, and thermal expansion coefficient α of water are (38) where ρ o , A, B, and C are parameters, T is temperature in Kelvin. M H2O is molecular weight of water, and ε is defined as T/T c − 1. The data used in the assessment are shown in Table 6 . RMSE and AARD values for Hare and Sorensen's 33 data were 0.0001 g/cm 3 and 0.010%, respectively. For the data by Wagner and Pruss, 23 the corresponding values were 0.0002 g/cm 3 and 0.020%, respectively.
The assessed density of liquid water compared with the experimental data 15, 23, 33, 34 is presented in Figure 4 , and the calculated molar volume is in Figure 5 .
After completing the density assessment it was noticed that the calculated thermal expansion coefficient are in good agreement up to 100°C when compared to thermal expansion coefficient data by Hare and Sorensen 33 and Wagner and Pruss. 23 The thermal expansion coefficient from the data by Wagner and Pruss 23 was calculated using eq 38 in which the partial derivate of density at standard pressure was calculated by FluidCal. ). 
Article Volume Difference between Supercooled Water and Solid Ice. Molar volume difference between supercooled water and solid ice can now be calculated from equation Δν = ν w − ν ice . Obtained values are shown in Figure 8 . It is interesting to find out that the volume difference disappears when temperature approaches the critical temperature 228 K. 36 have derived the following equation for the vapor pressure of ice when temperature is over 110 K:
■ VAPOR PRESSURE

Murphy and Koop
where b 0 = 9.550426, b 1 = −5723.265 K, b 2 = 3.53068, and b 3 = −0.00728332 K −1 . Analytical eq 41 with a comparison with the literature data is presented in Figure 9 .
As can been seen, the equation for the fitted vapor pressure of ice by Murphy and Koop 36 is in good agreement with the literature data. Assuming all Q i 's are equal to 1 in eq 23 we end up with eq 25 as
To test the validity of eq 25, the second virial coefficient at subzero temperatures is needed. No experimental data is available at subzero temperatures; so the second virial coefficient B was extrapolated from the values by Wagner and Pruss 23 
Volume related properties of supercooled water and ice in the temperature range −45−0°C are listed in Table 7 , pressure related properties in Table 8 , and Q parameters with corrected vapor pressure of supercooled water in Table 9 .
As can be seen in Table 9 , the pressure correction does not exceed 0.04 Pa and so eq 25 is an excellent approximation for modeling purposes for aqueous solutions at subzero temperatures.
The calculated vapor pressure of pure supercooled water with the literature data is shown in Figure 10 and the pressure difference between pure supercooled water and ice in Figure 11 . The calculated vapor pressure of pure supercooled water compared to the values obtained with the equation by Murphy and Koop 36 is presented in Figure 12 . The difference with the equation by Murphy and Koop is less than 0.07 Pa using eq 25 and 0.03 Pa using eq 23.
Activity of Supercooled Water on Ice Curve. The calculated water activity along the ice-curve is presented in Table 10 and compared with the literature data in Figure 13 . 
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Article As can been seen from Figure 13 , the activity of water on ice curve is predicted within ±0.001 down to 237 K if values by Murphy and Koop are neglected.
■ DISCUSSION AND CONCLUSIONS
A simple model for thermodynamic properties of water from subzero temperatures up to 373 K was derived at ambient pressure. The heat capacity of supercooled water was assessed as lambda transition. The obtained properties for supercooled water such as heat capacity, vapor pressure, density, and thermal expansion are in excellent agreement with literature data.
Thermodynamic description for the ice-curve in electrolyte solutions is generally obtained in modeling the solubility of ice in the studied electrolyte solution. Thus, the thermodynamic 36 The diamonds (blue) were calculated with eq 25 and squares (red) with eq 23.
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Article properties of the ice curve are dependent on the studied electrolyte systems and their number, the excess model used for nonideal behavior of aqueous solution, and the Debye−Huckel constant used.
The values of the Debye−Huckel (DH) equation used varies significantly at subzero temperatures from each other, as can been in Table 11 . Sometimes the terms used in the DH equation such as 1/(T − 263 K) and 1/(628 K − T) produce ambiguous values, as noted by Spencer et al. 32 As can be seen from Table 11 , there is a variation between the different DH equations and it increases at lower temperatures. Variation can be expected to increase when first and second derivatives are calculated. Thus, modeled heat capacity of pure supercooled water will depend on the DH equation used if it is obtained by thermodynamic modeling of the apparent heat capacity data.
We suggest a converse procedure. Our equations for heat capacity of supercooled water eqs 26−28 and heat capacity change eq 32 as well as activity of water on ice curve (see Table 10 ) should be used as the basis for thermodynamic modeling at subzero temperatures. So, the activity of water on the ice curve will form a uniform basis for all electrolyte solutions. Figure 13 . Calculated activity of supercooled water on ice curve compared to activity using eq 10 to equilibrium constants by Murphy and Koop 36 and Spencer et al. 32 as well as polynomial equation with six terms by Carslaw et al. 42 and Toner et al. 
Article Several substances form hydrates at subzero temperatures so the activity of water will be included in the solubility product of the precipitated hydrate. Thus, the solubility is connected with the thermodynamic properties of ice and supercooled water via the used activity coefficient model. If the heat capacity of precipitated hydrate is measured from subzero temperature up to 298.15 K, a link between the critically evaluated thermodynamic data and thermodynamic properties of water is formed which enables a critical evaluation of thermodynamic properties of the hydrate.
Generally, heat capacity in thermodynamic and engineering software are expressed as a polynomial equation. Combining heat capacity data of ice and heat capacity change data between ice and supercooled water, these parameters for polynomial equations are obtained (Table 12 ).
